Section 3.1 Meaning and Properties of Fractions

1. Definition of a Fraction: A fraction is any number that can be
out in the form % where a and b are integers and b is not 0. The

numerator of the fraction is “a” and the denominator is “b". A
proper fraction is a fraction in which the numerator is less than the
denominator. An improper fraction is a fraction in which the
numerator is greater than or equal to the denominator.

Example: Answer each of the following.

a. Give an example of a proper fraction.

b. Give an example of an improper fraction.

c. What are the integers?

d Is ; a proper fraction or an improper fraction?

2. Equivalent Fractions: Fractions that represent the same
number are said to be equivalent.
Example: For each fraction below, name an equivalent fraction.
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3. Property One for Fractions: If a, b and c are integers'and b
and c are not 0, then it is true that .

a_asec

b bec _
This property is often used to rewrite a given fraction as an
equivalent fraction with a specific denominator. This is particularly
useful when rewriting a several fractions with a common

denominator.
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Example: Rewrite each fraction as an equivalent fraction with
the given denominator.
3
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4. Property Two for Fractions: If a, b and c are integers and b
and c are not 0, then it is true that
a_a+c¢
b b+c
This property is often used o reduce a given fraction to lowest
terms. To reduce to lowest terms, the number “c” is the greatest
commeon factor for the numerator and denominator.
Example: Reduce each fraction to lowest terms.
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5. The Number 1 and Fractions: If a is any number, then it is
true that

=a and E:1.
a

Example: Simplify each expression.

-~ %
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16
16
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Section 3.2 Prime Numbers, Factors, and Reducing to
Lowest Terms

1. Prime Numbers: A prime number is any whole number greater
than 1 that has exactly two divisors: itself and 1. (A number is a
divisor of another number if it divides that number without a

remainder.)
Example: List the prime numbers that are smaller than 20.

Ot s 2,23 5,73 W, 13 47, 1]
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2. Divisibility Tests: The following divisibility tests will help you in
deciding what numbers are factors of the given number.
» Divisibility test for 2: A given number is divisible by 2 if it ends in
an even digit.
e Divisibility test for 3: A given number is divisible by 3 if the sum
of the digits in the number is divisible by 3.
o Divisibility test for 5: A given number is divisible by 5 if the last
digit is 5 or 0.

Example: For each given number, apply the tests given above to
determine if the number is divisible by 2, 3 or 5.
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3. Writing the Prime Factorization of a Number: To write the

prime factorization of a number, write the number as a product of

prime numbers.

Example: Which of the following represents a prime factorization?

a 12=6e2 , MO
b. 12=2%e3 , Ves
c. 15=503 , Mes
d 22=11e2 , Ves
e. 20=4e5

S e
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You can use a factor tree to find a prime factorization. Express the
given number as the product of two numbers. Then express each of
those as the product of two numbers. Continue this process until the
numbers no longer factor--you will then have the prime factors.
Example: Find the prime factorization for each of the following

numbers: 333‘”@“ _ .
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4. Reducing a fraction to lowest terms: A fraction is said to be in
lowest terms if the numerator and denominator have no common
factors other than 1.
To reduce a fraction to lowest terms, divide the numerator and the
denominator by all of the factors that they have in common. If you do
not know the common factors, write the prime factorization of the
numerator and denominator, then divide out the common factors.
Example: Reduce the given fractions to lowest terms. EM
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Example: A family spends $2200 monthly for a mortgage payment
and has a monthly income of $5500. What fraction of the total
income is used for the mortgage payment? Express your answer
in lowest terms. |
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3.3 Multiplication with Fractions and the Area of a
Triangle

1. Rule for Multiplying Fractions: The product of two fractions is
the fraction whose numerator is the product of the two numerators
and whose denominator is the product of the two denominators. In
symbols, if a,b,c and d represent any numbers and b and d are not
zero, then
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2. Using the Commutative and Associative Properties of
Multiplication with Fractions

When multiplying fractions, the commutative and associative
properties of multiplication are often useful in simplifying.
Example: Multiply the given fractions.

L a1 4L 514 (3.1).4_4
3 5 3’5 \1173/5 5

2 3 L 22K - 6 X ar bX.
@“Q% TS 35~ 7 »s
C. S[ZXJ w(\%,@%).x

“1?5[%") f ;

_i[5]1<+q -5")¢P‘»:“ _iga)(; x@\( 20X,

o
~N N
ST
| W

3¢
N

)

\N
‘%‘4
w
\
1
ok

), x:_%_!-)( ov ”MZIX
160 Y15

>

19079 i 9 144 7 171

3. Dividing out Common Factors Before Multiplying: When

multiplying fractions factor the numerator and denominator and then

divide out common factors before multiplying. Your answer will then

always be in lowest form. This step, where you divide out common sP wh
factors before you multiply, is worth points on every multiplication of Q ’) g‘

fractions problem, and if you omit the step you will lose those points. ? g e
Example: Multiply the given fractions. Divide out any common ___j_ﬁwm -
factors before you multiply. 7:2:%
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4. Multiplying with Fractions and Exponents: When simplifying
expressions that contain fractions and exponents, use the order of
operations agreement and the exponent rules.

Example: Simplify the following expressions.
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5. Interpreting “of” When Used with Fractions: The word “of’
when used in connection with fractions indicates multiplication.
Example: Simplify
L2 . E

a. Find 1 of E % @”
2 5

W.WW}/§

b. Find 2 of —?’-.
3 8

6. Area of a Triangle:

iz | 2
A ;
;{ 2 K &
zz 7-&
b
The area of a thanyre is given by the formula
A= %bh
Example: Find the area of a triangle that has a base of 13
inches and a height of 12 inches. . *
ﬁ = Eg T 2 3 ¢ @3‘

A= b
&

Ao (i) / A= 523
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3.4 Division with Fractions

1. Rule for Dividing Fractions: If a,b,c and d are integers and
neither b,c nor d is zero, then

b d bc bc
To divide two fractions, multiply the first fraction by the reciprocal of
the second.

Example: Divide the given fractions.
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2. Simplifying Fractional Expressions That Contain
Multiplication, Division and Exponents: Use the order of
operations agreement and the rules for adding, subtracting,
multiplying and dividing fractions to simplify.
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Example: Simplify each of the following.
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3.5 Addition and Subtraction with Fractions

1. Addition and Subtraction When the Denominators Are the
Same: To add or subtract fractions that have the same denominator,
add or subtract the numerators to get the numerator of the answer
and carry along the common denominator to get the denominator of
the answer.

Example: Simplify the following.

8 _4
8

—
—
—
—
s

C. i+_§_ = —u+ ot g? -— €
13 13 1% 2

2. Addition and Subtraction When the Denominators Are Not the
Same: To add or subtract fractions that do not have the same
denominator:
e Find the least common denominator (LCD).
o Rewrite the fractions as equivalent fractions that have the LCD
as their denominator.
e Add or subtract the numerators to get the numerator of the
answer and carry along the common denominator to get the
denominator of the answer.

NOTE: On tests, when adding or subtracting fractions, you must
rewrite the fractions as equivalent fractions that have the least
common denominator. This step is worth points, and to get the points
your denominator must be the least common denominator.

Note: Portions of this document are excerpted from the textbook Prealgebra, 7" ed. by Charles
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Example: Simplify the following.

31 7 7 :
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3. Addition and Subtraction If the Fractions Have Different

Denominators and You Don’t Know the Least Common

Denominator (LCD): To “build” the least common denominator,
prime factor each denominator, and give each denominator (and
numerator) the factors that it is missing from the other derominator.

Example: Simplify the following.
5 7 5 7
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3.6 Mixed-Number Notation

1. What is a mixed number? A mixed number is the sum of a whole
number and a proper fraction. We leave out the plus sign when we
write the number.

Example:

3 +% = 3% (In mixed - number notation we leave out the plus sign.)

2. Changing Mixed Numbers to Improper Fractions: Mixed
numbers can be written as improper fractions: To write a mixed
number as an improper fraction, |
e Multiply the denominator of the proper fraction by the whole
number and add the numerator of the proper fraction to your
result. This gives you the numerator of the improper fraction
e Carry along the denominator of the proper fraction for the
- denominator of the improper fraction.

Example: Convert 5% to an improper fraction.

53 _4e5+3_23
4 4 4

Example: Convert each of the following mixed numbers to
improper fractions.

\

T2 _ 35+3_ 38

3 . 2T-== 20 L 22
a 5z = I = _
'8 3 & g

3. Changing improper fractions to mixed numbers: To change an
improper fraction to a mixed number, divide the numerator by the
denominator. The quotient is the whole number part of the mixed
number, the remainder is the numerator in the mixed number’s proper
fraction, and the divisor is the denominator in that fraction.

Note: Portions of this document are excerpted from the textbook Prealgebra, 7" ed. by Charles
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Example: Convert %1 to a mixed number.
4

5)21 with a remainder of 1

Example: Convert each of the f0||0Win9D1l;npr0per fractions to a
mixed number. P
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3.7 Multiplication and Division with Mixed Numbers

1. Multiplying and Dividing Mixed Numbers: To multiply or divide
mixed numbers, convert each mixed number to an equivalent
improper fraction, then complete the multiplication and/or division. Be
sure to divide out common factors before you multiply.
Example: Simplify.
1 .3 2e3+1 4 *5+3

/s

2—e6—= convert to improper fractions
3 4 3 4
= g-% note that 3 is a common factor
=1 ,27=3 divide out common f facto L
3+3 4 A2 nse an C;%*amzau ow
A c.c.F.
Z-g -9 multiply
1 4 4
If your answer is an improper fraction, you may leave it improper M%
or change it to a mixed number, whichever you prefer. (o
Example: Simplify each of the following. / _2{\3
a 31.21:3244‘.1»(91*! = —ﬂ-l-—!z .
2 6 2 G A L[
- I 13 e A
T2 b 4 z 2z
- F3 ko,
2213 2
P =
3 .1 = 122
b 2263t — 24+3 %‘S'Eﬁ‘ 5
4 5 ¢ 5
= ¢
= U, e 5
4 5 |
- E f’ é:”i‘lé 2’
Z7:s k
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3.8 Addition and Subtraction with Mixed Numbers

1. Adding mixed numbers: Mixed numbers may be added in two
ways.
¢ You may convert all mixed numbers to improper fractions, add
the improper fractions, and then convert back to a mixed

number.
Example: Simplify.
53,95.23 59
4 6 4 6
69 118
—t
12 12
187 15_l
12 12

e You may add the whole numbers to get the whole number
portion of your answer and then add the proper fractions to get
the fraction part of your answer. Sometimes the fraction part
turns out to be an improper fraction. When this happens, you
must convert the improper fraction to a mixed number and then
add the result to the whole number part of your sum.

Example : Simplify.
3 .5 9 10

5°4+92=5"49_—
476 12 12

=1419

12
=14+1
12

=15l
12

Example: Simplify each of the following. Use either of the
methods given above. Be sure to fully reduce all fractions that
appear in answers.
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2. Subtracting mixed numbers: Mixed numbers may be subtracted
in several ways.

e You may change all mixed numbers to improper fractions, then
subtract. This method always works.
Example: Simplify.

43 5.1 1

4 6 4 6
57 2

12 12
=§_5:21_1
12 12

» You may subtract the whole numbers, and subtract the proper
fractions. This method is problematic if the second fraction is
larger than the first. When this happens, you must use a

borrowing technique before you can subtract.
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Example: Simplify.

43_13-48 410

4 6 12 12 LZ | £ s
21 ,10 2] (O
=15  4’Y - 4 . —t- —
12 112 % i ( l 12 E@
-~ 4+ 2} _ 10 =
11 = %2} i = .
_ZE v lz L’Lb i,zjg
- . . Ltiy= 10
Example: Simplify each of the following: j - 7 + ﬁj ém ;@; . A
w73 . J Tt mlz.zzo6
1005 S =(F-¢ )‘rf‘;“) S
| [ =365 | :
-4 - s
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3.9 Combinations of Operations with Fractions

with fractions to simplify the following.

Sowk

Use the order of operations agreement and the rules of operations ,—
Y
| 8133

el
=y +Q2£f),(2;ii%j

ﬁgz
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